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Projections
Order Properties

Cardinal Invariants

CI v defined but not determined in ZFC.
v = min{|A| : A ⊆ A satisfying . . .}.
R ⊆ A× B, ||(A,B,R)|| = min{|B| : ∀a ∈ A∃b ∈ B aRb}.

d = ||(ωω, ωω,≤∗)|| (f ≤∗ g ⇔ ∀∞n f (n) ≤ g(n))

= |([ω]ω⊆∗(an), [ω]ω⊆∗(an),⊆
∗)|| (a ⊆∗ b ⇔ |a\b| <∞)

b = ||(ωω, ωω,�∗)||
= ||([ω]ω⊆∗(an), [ω]ω⊆∗(an),+

∗)||
s = ||([ω]ω, [ω]ω, {(a,b) : |a ∩ b| = |a ∩ ω\b| =∞})||
t = min{κ : ∃ ⊆∗ -decreasing tower(tξ)ξ∈κ ⊆ [ω]ω}.

ℵ1 ≤ t ≤ b, s ≤ d ≤ c.
P(ω)/Fin→ projections/subspaces of l2 mod ‘finite’
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Hilbert Space Projections and Subspaces

A projection P on a Hilbert space H is a linear operator s.t.

∀x ∈ H P(Px) = Px and Px ⊥ (x − Px).

C is a closed subspace⇒ ∃! projection PC s.t. R(PC) = C.
P is a projection⇒ P = PR(P).

P is a projection⇔ P ∈ P(B(H))⇔ P2 = P and P = P∗

(For T ∈ B(H) 〈Tx , y〉 = 〈x ,T ∗y〉)
For closed subspaces U and V of H,

U ⊆ V ⇔ PU ≤ PV ⇔ PUPV = PU = PV PU .
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Modulo Finite Dimension/Rank

Define U ⊆• V ⇔ codimU(U ∩ V ) <∞.

U ⊆• V ⇔ rank(PU − PUPV ) <∞
⇔ π0(PUPV ) = π0(PU) = π0(PV PU)

⇔ π0(PU) ≤ π0(PV ).

K0(H) = {T ∈ B(H) : dim(R(T )) <∞}

π0 : B(H)→ B(H)/K0(H)

Problem: K0(H) not closed⇒ no norm on B(H)/K0(H).
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Modulo Compact Operators

K(H) = {T ∈ B(H) : T [B1(H)] is compact} = K0(H).

Calkin (C∗-)algebra of H is C(H) = B(H)/K(H).

π : B(H)→ C(H) is the canonical homomorphism.

p ∈ P(C(H))⇔ ∃P ∈ P(B(H)) π(P) = p.

Define U ⊆∗ V ⇔ π(PU) ≤ π(PV )⇔ PU − PUPV compact.

U ⊆∗ V ⇔ ∀ε > 0∃ fin codim W ⊆ U s.t .||P⊥V PW || < ε.

Fix a basis (eλ)λ∈Λ of H. For A ⊆ Λ, VA = span{eλ : λ ∈ A}.

VA ⊆• VB ⇔ A ⊆∗ B ⇔ VA ⊆∗ VB
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To G.L.B. Or Not To G.L.B. (I)

P(C(H)) is not a lattice (assuming dim(H) 6<∞).
Example: Take disjoint (An) ⊆ [ω]ω with

⋃
An = ω and set

U = span{e2n : n ∈ ω} = V{2n:n∈ω}

Wk = span{e2n + (1/k)e2n+1 : n ∈ Ak}.

U and W =
⊕

Wk have no g.l.b.: Given f ∈ ωω set

F f
k = {2n : n ∈ Ak ∧ n < f (k)} and

V f = V⋃
F f

k
⊆ V{2n:n∈ω} = U.

Then codimV f (V⋃
k≥n Fk

) =
∑

k<n dim(Fk ) <∞ and
||P⊥W PV⋃

k≥n Fk
|| = 1/(1 + n2)→ 0 ∴ Vf ⊆∗ W (∀f ∈ ωω)
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To G.L.B. Or Not To G.L.B. (II)

Actually, ∀V ⊆∗ U,W ∃f ∈ ωωV ⊆∗ V f .

Further, f ≤∗ g ⇔ V f ⊆∗ V g(⇔ V f ⊆• V g).

As (ωω,≤∗) has no max, U and W have no g.l.b.. �

Step 1: V ⊆∗ U,W ⇔ ∀n ∈ ωV ⊆∗ V{2m:m∈
⋃

k≥n Ak}

Step 2: (Vn) ⊂∗-decreasing⇒ collective g.l.b. ∼= (ωω,≤∗).

Corollary: b∗ = b and d∗ = d.
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Spectral Families

E : R→ P(B(H)) spectral family⇔ non-decreasing,
E(−∞) = 0, E(∞) = 1, E(r+) = s − lims→r+E(s) = E(r).
If S = S∗ then ∃ES s.t. S =

∫
rdES(r).

Eg. if S =
∑

t∈R tPt then ES(r) =
∑

t≤r Pt .
For measurable f and square integrable g, Mf (g) = fg.

EMf (r) = Mχf−1(−∞,r ]
= P{g∈l2:supp(g)⊆f−1(−∞,r ]}

EMf (r)− EMf (s) = Mχf−1(s,r ]
= P{g∈l2:supp(g)⊆f−1(s,r ]}

EMf (r)− EMf (r−) = Mχf−1{r}
= P{g∈l2:supp(g)⊆f−1{r}} = Pr−eigen

Note (PQP)∗ = P∗Q∗P∗ = PQP
R(EPQP(1)−EPQP(1−)) = R(EPQP(1−))⊥ = R(P)∩R(Q).
V ⊆∗ R(P),R(Q)⇔ ∀r < 1V ⊆∗ R(EPQP(r))⊥
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Essential Spectrum

σe(S) = σ(π(S))

= {r ∈ R : ∀δ > 0 rank(E(r + δ)− E(r − δ)) 6<∞}
= {r ∈ R : rank(E(r)− E(r−)) 6<∞∨ r ∈ σ(S)\{r}}

(s, t ] ⊆ R\σe(S) ⇔ rank(ES(t)− ES(s)) <∞
∴ s = sup(σe(PQP) ∩ [0,1)) < 1

⇒ ∀r ∈ [s,1)EPQP(r) =∗ EPQP(s)

⇒ R(P) ∧∗ R(Q) = R(EPQP(s))⊥

while 1 = sup(σe(PQP) ∩ [0,1))

⇒ ∀r < 1∃s ∈ (r ,1)EPQP(s) >∗ EPQP(r)

⇒ R(P) andR(Q) have no g.l.b.
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G.L.B.s And L.U.B.s

Define P⊥ = 1− P = PR(P)⊥ . Note P⊥P = 0.

P⊥Q⊥P = P⊥(1−Q)P = P⊥P − P⊥QP = −P⊥QP.
Q⊥P⊥Q⊥P = −Q⊥P⊥QP = Q⊥PQP.
Say PQPv = rv , r ∈ (0,1). Note v = r−1PQPv ∈ R(P).

Q⊥P⊥Q⊥(Q⊥v) = Q⊥P⊥Q⊥Pv = Q⊥PQPv = Q⊥rv = rQ⊥v .

R(EQ⊥P⊥Q⊥(r)−EQ⊥P⊥Q⊥(s)) = R(Q⊥(EPQP(r)−EPQP(s))).

⇒ σe(PQP) ∩ (0,1) = σe(Q⊥P⊥Q⊥) ∩ (0,1)

⇒ ∃P ∧∗ Q ⇔ ∃P⊥ ∧∗ Q⊥ ⇔ ∃P ∨∗ Q.
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Lower Bounds

P(C(H)) is separative.

P ∧∗ Q 6= 0 ⇔ ∀r < 1 rank(EPQP(r)⊥) 6<∞
⇔ ||π(PQ)||2 = ||π(PQP)||

= max(σe(PQP)) = 1.

P �∗ Q ⇔ QP 6=∗ P ⇔ Q⊥P 6=∗ 0
⇔ ||π(Q⊥P)||2 = ||π(PQ⊥P)||

= max(σe(PQ⊥P)) > 0
⇔ ∃r > 0 rank(EPQ⊥P(r)⊥) 6<∞.

||π(EPQ⊥P(r)⊥Q)||2 ≤ ||EPQ⊥P(r)⊥Q||2 ≤ 1− r < 1

⇒ EPQ⊥P(r)⊥ ∧∗ Q = 0.
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Splitting

Each P(ω)/Fin cardinal invariant has (≥)2 analogs ∵

P ∧∗ Q⊥ 6= 0 ⇒ P �∗ Q
m : m

||π(PQ⊥)|| = 1 ||π(PQ⊥)|| > 0

P strongly splits Q ⇔ P ∧∗ Q 6= 0 6= P⊥ ∧∗ Q.

P weakly splits Q ⇔ P ∧∗ Q 6= 0 and Q �∗ P.

s⊥ = min{|P| : P ⊆ P(B(l2)) is a strongly splitting family}.

s∗ = min{|P| : P ⊆ P(B(l2)) is a weakly splitting family}.
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Block Subspaces

V is a block subspace of H = span(en) means
∃ IP (In) and ∃(vn) ⊆ l2 s.t.
V = span(vn) and ∀n vn ∈ span{ek : k ∈ In}.
Block subspaces are ⊆∗-dense.
Given inf dim V ⊆ H recursively pick unit vectors (vn) ⊆ V

v0 = (0,
1
5
,
3
4
,
1
2
,

1
10
, . . .) (arbitrary)

v1 = (0,0,0,0,
1√
2
,

1√
4
,

1√
8
,

1√
16
, . . .) ∈ V ∩ l2⊥k0

, k0 >> 0

v2 = (0,0,0,0 . . . ,0,
1
2
,
1
2
,
1
2
,
1
2
,0, . . .) ∈ V ∩ l2⊥k1

, k1 >> k0

...

V ⊇ span(vn) =∗ block subspace. �
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Block subspaces are ⊆∗-dense.
Given inf dim V ⊆ H recursively pick unit vectors (vn) ⊆ V
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V ⊇ span(vn) =∗ block subspace. �
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Interval Paritions

Consequence: CIs on P(C(H)) often related to IP CIs.
Eg. A ⊆ ω splits IP (In) ⇔ ∃∞n In ⊆ A and ∃∞n In ⊆ ω\A.

sIP = min{|A| : A ⊆P(ω) is an IP splitting family}.

A ⊆P(ω) IP splitting⇒ (PA)A∈A strongly splitting.

⇒ s⊥ ≤ sIP.

sIP = max(s, b) (A. Kamburelis, B. Weglorz (1995)).

h∗ ≤ s∗ ≤ s⊥ ≤ max(s, b)

Can we replace any ≤ with =? Is h⊥ ≤ s⊥?
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Towers

Given IP (In) set vn =
∑

k∈In en and V(In) = span(vn).

If A ⊆ ω s.t. |A ∩ In|/|In| → 1 then V(In) ⊆∗ VA (Wofsey).

MA ⇒ ∃ tower (Aξ) ⊆ [ω]ω s.t. ∀ξ|Aξ ∩ In|/|In| → 1
⇒ ∀ξV(In) ⊆∗ VAξ , i.e. (VAξ) is not a tower.

t = s = b ⇒ ∃ tower (Aξ) ⊆ [ω]ω s.t. (VAξ) is a tower.
{A ⊆ ω : VA ⊆∗ V} is an analytic p-ideal (Farah).

Consistently no towers in I∗ ∀ such ideals I (Brendle).

Corollary: Consistently all towers in [ω]ω remain towers.
t∗ = t⊥. = t? t∗ ≥ p (Wofsey+Bell) so if t∗ < t then p < t.
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