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@ v =min{|A| : A C . satisfying ...}.
@ RCAxB,||(A B,R)|| =min{|B| : Ya € A3b € B aRb}.

0 = (W, ) (F<T g vEnf(n) < g(n))
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@ RCAxB,||(A B,R)|| =min{|B| : Ya € A3b € B aRb}.

0 = (W, ) (F<T g vEnf(n) < g(n))

= [([wIe-(ap) [W]E-(a,), Il (2 ST b & [a\b] < o0)
b= [|(w”,w” 2

= (W2 (ap) [W]E+ (a0, 27l
s = [[([w]", [w]*:{(a, b) - [an b] = [an w\b| = oo} )|

= min{x : 3 C* -decreasing tower(f¢)¢c, C [w]“'}.

o N <t<ph,s<o<c.
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@ Cl v defined but not determined in ZFC.
@ v =min{|A| : A C . satisfying ...}.
@ RCAxB,||(A B,R)|| =min{|B| : Ya € A3b € B aRb}.

0 = (W, ) (F<T g vEnf(n) < g(n))

= [([wIe-(ap) [W]E-(a,), Il (2 ST b & [a\b] < o0)
b= [|(w”,w” 2

= (W2 (ap) [W]E+ (a0, 27l
s = [[([w]", [w]*:{(a, b) - [an b] = [an w\b| = oo} )|

= min{x : 3 C* -decreasing tower(f¢)¢c, C [w]“'}.

o Ny <t<h,s<o<e.
@ #(w)/Fin — projections/subspaces of /2 mod ‘finite’
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Projections

Hilbert Space Projections and Subspaces

@ A projection P on a Hilbert space H is a linear operator s.t.

VxeH P(Px)=Px and Px L (x— Px).
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Hilbert Space Projections and Subspaces
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@ Cis aclosed subspace =- 3! projection P¢ s.t. R(P¢) = C.
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@ Pis a projection < P € P(B(H)) < P?> = Pand P = P*
(For T € B(H) (Tx,y) = (x, T"y))
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Projections

Hilbert Space Projections and Subspaces

@ A projection P on a Hilbert space H is a linear operator s.t.
VxeH P(Px)=Px and Px L (x— Px).

@ Cis aclosed subspace =- 3! projection P¢ s.t. R(P¢) = C.
P is a projection = P = Pgp).

@ Pis a projection < P € P(B(H)) < P?> = Pand P = P*
(For T € B(H) (Tx,y) = (x, T"y))
@ For closed subspaces U and V of H,

UCVePy<Pys PyPy=Py=PyPy.
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Projections

Modulo Finite Dimension/Rank

@ Define U C* V < codimy(U N V) < oco.

UC*V & rank(Py — PyPy) <
& mo(PuPv) = mo(Py) = mo(PvPu)
=4 7T0(Pu) < ﬂ'o(Pv).
Ko(H) ={T € B(H) : dim(R(T)) < oo}
7o+ B(H) — B(H)/Ko(H)
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Projections

Modulo Finite Dimension/Rank

@ Define U C* V < codimy(U N V) < oco.

UC*V & rank(Py — PyPy) <
< 7mo(PyPy) = mo(Py) = mo(PyPuy)
< 7mo(Py) < mo(Py).
Ko(H) ={T € B(H) : dim(R(T)) < oo}
mo : B(H) — B(H)/Ko(H)
@ Problem: Ky(H) not closed = no norm on B(H)/Ko(H).
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Projections

Modulo Compact Operators

@ IC(H) ={T € B(H) : T[B1(H)] is compact} = Ko(H).
Calkin (C*-)algebra of H is C(H) = B(H)/K(H).

7 : B(H) — C(H) is the canonical homomorphism.
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Projections
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@ KC(H) ={T € B(H) : T[B1(H)] is compact} = Ko(H).
Calkin (C*-)algebra of H is C(H) = B(H)/K(H).
7 : B(H) — C(H) is the canonical homomorphism.

@ peP(C(H)) & 3P P(B(H)) n(P)=p.
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Projections

Modulo Compact Operators

@ KC(H) ={T € B(H) : T[B1(H)] is compact} = Ko(H).
Calkin (C*-)algebra of H is C(H) = B(H)/K(H).
7 : B(H) — C(H) is the canonical homomorphism.
@ pec P(C(H)) « 3P € P(B(H)) n(P) = p.

@ Define U C* V & n(Py) < n(Py) & Py — PyPy compact.

UC* V & Ve > 03 fincodim W C U s.t.||PyPwl| < e
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Projections

Modulo Compact Operators

@ KC(H) ={T € B(H) : T[B1(H)] is compact} = Ko(H).
Calkin (C*-)algebra of H is C(H) = B(H)/K(H).
7 : B(H) — C(H) is the canonical homomorphism.
@ peP(C(H)) & 3P e P(B(H)) n(P) =p.
@ Define U C* V & n(Py) < n(Py) & Py — PyPy compact.
UC* V & Ve > 03 fincodim W C U s.t.||PyPwl| < e
@ Fix a basis (e))xen of H. For AC A, V4 =5span{e, : A € A}.

VAQ. VB<:>AQ*8<:> VAQ* VB
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e Order Properties
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Order Properties

To G.L.B. Or Not To G.L.B. (1)

@ P(C(H)) is not a lattice (assuming dim(H) £ o).
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Order Properties

To G.L.B. Or Not To G.L.B. (1)

@ P(C(H)) is not a lattice (assuming dim(H) £ o).
@ Example: Take disjoint (A,) C [w]“ with | J A, = w and set

U = span{ex;: n€w} = Vionnew)
Wi = span{ez, + (1/K)€2n1: N € Ag}.
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Order Properties

To G.L.B. Or Not To G.L.B. (1)

@ P(C(H)) is not a lattice (assuming dim(H) £ o).
@ Example: Take disjoint (A,) C [w]“ with | J A, = w and set

U = span{ex;: n€w} = Vionnew)
Wi = span{ez, + (1/K)€2n1: N € Ag}.

Uand W = @ W have no g.l.b.: Given f € w* set

F/ = {2n:neAcAn<f(k)} and
Vi = VU Ff - V{2n:n€w} = U.
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Order Properties

To G.L.B. Or Not To G.L.B. (1)

@ P(C(H)) is not a lattice (assuming dim(H) £ o).
@ Example: Take disjoint (A,) C [w]“ with | J A, = w and set

U = span{ex;: n€w} = Vionnew)
Wi = span{ez, + (1/K)€2n1: N € Ag}.

Uand W = @ W have no g.l.b.: Given f € w* set

F/ = {2n:neAcAn<f(k)} and
Vi = VU Ff - V{2n:n€w} = U.

Then codim (V.. F) = > _k<pdim(Fx) < oo and
HP#VPVUDanH =1/(14+mM) = 0. V; C* W (Vf € w)
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Order Properties

To G.L.B. Or Not To G.L.B. (II)

Actually, YV C* U, W 3f € w®V C* V.
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Order Properties

To G.L.B. Or Not To G.L.B. (II)

Actually, YV C* U, W 3f € w®V C* V.

Further, f <* g < VI C* V9(= VI C* V9).
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Order Properties

To G.L.B. Or Not To G.L.B. (II)

Actually, YV C* U, W 3f € w®V C* V.
Further, f <* g & VI C* V9(< VI C* V9).

As (w¥,<*) has no max, U and W have no g.l.b.. O
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Order Properties

To G.L.B. Or Not To G.L.B. (II)

Actually, YV C* U, W 3f € w®V C* V.
Further, f <* g < VI C* V9(= VI C* V9).
As (w¥,<*) has no max, U and W have no g.l.b.. O

o Step 1V c* U7 W< vVnewV c* V{Zm:mGUk>nAk}
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Order Properties

To G.L.B. Or Not To G.L.B. (II)

Actually, YV C* U, W 3f € w®V C* V.

Further, f <* g & VI C* V9(< VI C* V9).

As (w¥,<*) has no max, U and W have no g.l.b.. O
@ Step1: VC*U W& VnewV C* Viem:meU,., A}

Step 2: (V) C*-decreasing = collective g.l.b. = (w¥, <*).
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Order Properties

To G.L.B. Or Not To G.L.B. (II)

Actually, YV C* U, W 3f € w®V C* V.
Further, f <* g & VI C* V9(< VI C* V9).
As (w¥,<*) has no max, U and W have no g.l.b.. O
@ Step1: VC*U W& VnewV C* Viem:meU,., A}
Step 2: (V) C*-decreasing = collective g.l.b. = (w¥, <*).

@ Corollary: b* = b and o* = 0.
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Order Properties

Spectral Families

@ E:R — P(B(H)) spectral family < non-decreasing,
E(—00) =0, E(c0) =1, E(r+) = s — lims_+ E(s) = E(r).
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Order Properties

Spectral Families

@ E:R — P(B(H)) spectral family < non-decreasing,
E(—o0) =0, E(c0) =1, E(r+) = s — limg_, .+ E(s) = E(r).
e If S= S*then 3Eg s.t. S= [ rdEg(r).
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Order Properties

Spectral Families

@ E:R — P(B(H)) spectral family < non-decreasing,
E(—00) =0, E(o0) =1, E(r+) = s — lims_, .+ E(s) = E(r).

e If S= S*then 3Eg s.t. S= [ rdEg(r).

® Eg.if S=3 ) ptPithen Es(r) =3 i, Pr.
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Order Properties

Spectral Families

@ E:R — P(B(H)) spectral family < non-decreasing,
E(—00) =0, E(o0) =1, E(r+) = s — lims_, .+ E(s) = E(r).
e If S= S*then 3Eg s.t. S= [ rdEg(r).
@ Eqg.if S=3 " ptPrthen Eg(r) =3, P:.
For measurable f and square integraBIe g, My(g) = fg.
Ep,
Ewn,(r) — Ewm,

Eu,(r) = Em(r=) = My, = Pigersupp(g)cr-1{r}y = Prcigen

(N = My = Plocrsum(o)cr- (oo}
(

) = My i, = Proersupp(o)ci—1(sr}
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Order Properties

Spectral Families

@ E:R — P(B(H)) spectral family < non-decreasing,
E(—00) =0, E(o0) =1, E(r+) = s — lims_, .+ E(s) = E(r).
e If S= S*then 3Eg s.t. S= [ rdEg(r).
@ Eqg.if S=3 " ptPrthen Eg(r) =3, P:.
For measurable f and square integraBIe g, My(g) = fg.
Ep,
Ewn,(r) — Ewm,

Eu,(r) = Em(r=) = My, = Pigersupp(g)cr-1{r}y = Prcigen

(N = My = Plocrsum(o)cr- (oo}
(

) = My i, = Proersupp(o)ci—1(sr}

e Note (PQP)* = P*Q*P* = PQP
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Order Properties

Spectral Families

@ E:R — P(B(H)) spectral family < non-decreasing,
E(—00) =0, E(o0) =1, E(r+) = s — lims_, .+ E(s) = E(r).
e If S= S*then 3Eg s.t. S= [ rdEg(r).
@ Eqg.if S=3 " ptPrthen Eg(r) =3, P:.
For measurable f and square integraBIe g, My(g) = fg.
Ep,
Ewn,(r) — Ewm,

Eu,(r) = Em(r=) = My, = Pigersupp(g)cr-1{r}y = Prcigen

(N = My = Plocrsum(o)cr- (oo}
(S) = MXf—1(s,r] - P{gelzzsupp(g)gf—1(S,I’]}

° Note (PQP)* = P*Q*P* = PQP

® R(Epap(1)— Epar(1-)) = R(Epap(1-))* = R(P)NR(Q).
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Order Properties

Spectral Families

@ E:R — P(B(H)) spectral family < non-decreasing,
E(—00) =0, E(o0) =1, E(r+) = s — lims_, .+ E(s) = E(r).
e If S= S*then 3Eg s.t. S= [ rdEg(r).
@ Eqg.if S=3 " ptPrthen Eg(r) =3, P:.
For measurable f and square integraBIe g, My(g) = fg.

Em(r) = My i, = Plaersup(@)cr—1(—o0)
EMf(r) - EM{(
Eu,(r) = Em(r=) = My, = Pigersupp(g)cr-1{r}y = Prcigen

) = My i, = Proersupp(o)ci—1(sr}

o Note (PQP)* = P*Q*P* — PQP
® R(Epap(1)— Epap(1-)) = R(Epar(1-))*" = R(P)NR(Q).
o VC* R(P),R(Q) SVr<1V C* R(EPQP(I'))J‘
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Order Properties
Essential Spectrum

e(S)

(s 1]
s

while 1

444 onmn o

a(m(S))

{reR:V§>O0rank(E(r+0)— E(r—19)) £ oo}
{reR:rank(E(r) — E(r—)) £ ooV r € o(S)\{r}}
R\oe(S) <« rank(Eg(f) — Es(S)) < o0
sup(ce(PQP)N[0,1)) < 1

Vr € [s,1)Epap(r) =" Epap(S)

R(P) N* R(Q) = R(Epap(s))*

sup(oe(PQP) N [0,1))

Vr < 13s € (r,1)Epqp(S) >* Epgp(r)

R(P) and R(Q) have no g.Lb.
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Order Properties

G.L.B.s And L.U.B.s

e Define P- =1— P = Pr(py.. Note PP = 0.
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Order Properties

G.L.B.s And L.U.B.s

e Define P- =1— P = Pr(py.. Note PP = 0.
PLQLP=PL(1— Q)P =PLP—PLQP = —PLQP.
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Order Properties

G.L.B.s And L.U.B.s

e Define P- =1— P = Pr(py.. Note PP = 0.
PLQLP=PL(1— Q)P =PLP—PLQP = —PLQP.
QLPLQ'P = —Q'PLQP = Q-PQP.
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Order Properties

G.L.B.s And L.U.B.s

e Define P- =1— P = Pr(py.. Note PP = 0.
PLQ-P=PL(1- Q)P =P-P— P-QP = —P-QP.
QLPLQLP = —QLPLQP = Q' PQP.

@ Say PQPv = rv,r € (0,1). Note v = r~'PQPv € R(P).
QtPEQH(Qv) = QFPEQEPY = QFPQPY = Qv = rQtv.

R(Eqrprgr(r)—Eqrpror(8)) = R(Q"(Epar(r)—Epap(s)))-
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Order Properties

G.L.B.s And L.U.B.s

e Define P- =1— P = Pr(py.. Note PP = 0.
PLQ-P=PL(1- Q)P =P-P— P-QP = —P-QP.
QLPLQLP = —QLPLQP = Q' PQP.

@ Say PQPv = rv,r € (0,1). Note v = r~'PQPv € R(P).
QtPEQH(Qv) = QFPEQEPY = QFPQPY = Qv = rQtv.

R(Eqipror(r)—Egipiqar(s)) = R(Q(Epgp(r)—Epgp(8))).
= 0e(PQP)N (0,1) = 0¢(Q-P+-Q+) N (0, 1)
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Order Properties

G.L.B.s And L.U.B.s

e Define P- =1— P = Pr(py.. Note PP = 0.
PLQ'P=PL(1 - Q)P = PLP— P-QP = —PLQP.
QLPLQLP = —QLPLQP = Q' PQP.

@ Say PQPv = rv,r € (0,1). Note v = r~'PQPv € R(P).
QtPEQH(Qv) = QFPEQEPY = QFPQPY = Qv = rQtv.
R(Eqrprar(r)—Eqrprar(8)) = R(Q'(Epar(r)—Epar(s))).
= 0e(PQP)N(0,1) = 06(Q*PLQ*+) N (0, 1)
= JPAQeIPLA Q= IPVQ
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Order Properties

Lower Bounds

@ P(C(H)) is separative.
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Order Properties

Lower Bounds

@ P(C(H)) is separative.

PA*Q#0 < Vr<1rank(Epgp(r)’) ¢ oo
& [In(PQ)I? = [|=(PQP)||
= max(oe(PQP)) = 1.
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Order Properties

Lower Bounds

@ P(C(H)) is separative.

PA*Q#0 < Vr<1rank(Epgp(r)’) ¢ oo
& [In(PQ)I? = [|=(PQP)||
= max(oe(PQP)) = 1.

P£Q & QP# P& Q'P#0
& |In(QP)|I = [|x(PQP)|
= max(oe(PQ+P)) > 0
& dr>0 rank(EpQLp(r)J‘) 7{ 0.
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Order Properties

Lower Bounds

@ P(C(H)) is separative.

PA*Q#0 < Vr<1rank(Epgp(r)’) ¢ oo
& [In(PQ)I? = [|=(PQP)||
= max(oe(PQP)) = 1.

P£Q & QP# P< QP +#0
& ||In(QP)|F = ||=(PQ*-P)]]
= max(ce(PQ*P)) > 0
< dAr>0 rank(EpQLp(r)J‘) 7{ 0.
o [|m(Epqrp(r)* Q)2 < [|Epqip(r)tQIFP <1 —r<1

= EPQLP(")L A*Q=0.
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Cardinal Invariants

e Cardinal Invariants
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Cardinal Invariants

Splitting

@ Each #7(w)/Fin cardinal invariant has (>)2 analogs "
PN*Q-#0 = P£*Q

0 « 0
[7(PQT)I| =1 [7(PQ™)[| >0
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Cardinal Invariants

Splitting

@ Each #7(w)/Fin cardinal invariant has (>)2 analogs "
PN*Q-#0 = P£*Q

0 « 0
[7(PQT)I| =1 [7(PQ™)[| >0

@ P strongly splits Q & PA* Q# 0 # P A* Q.
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Cardinal Invariants

Splitting

@ Each #7(w)/Fin cardinal invariant has (>)2 analogs "
PN*Q-#0 = P£*Q

0 « 0
[7(PQT)I| =1 [7(PQ™)[| >0

@ P strongly splits Q & PA* Q# 0 # P A* Q.
P weakly splits Q < PA* Q# 0and Q £* P.
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Cardinal Invariants

Splitting

@ Each #7(w)/Fin cardinal invariant has (>)2 analogs "
PN*Q-#0 = P£*Q

0 « 0
[7(PQT)I| =1 [7(PQ™)[| >0

@ P strongly splits Q & PA* Q# 0 # P A* Q.
P weakly splits Q < PA* Q# 0and Q £* P.
st =min{|P|: P C P(B(/?)) is a strongly splitting family}.
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Cardinal Invariants

Splitting

@ Each #7(w)/Fin cardinal invariant has (>)2 analogs "
PN*Q-#0 = P£*Q

0 « 0
[7(PQT)I| =1 [7(PQ™)[| >0

@ P strongly splits Q & PA* Q# 0 # P A* Q.
P weakly splits Q < PA* Q# 0and Q £* P.
st =min{|P|: P C P(B(/?)) is a strongly splitting family}.

s* = min{|P| : P C P(B(/?)) is a weakly splitting family}.
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Cardinal Invariants

Block Subspaces

@ Vis a block subspace of H = span(e,) means
JIP (1) and 3(vp) C PP s.t.
V = span(v,) and Vn v, € span{ex : k € In}.
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Cardinal Invariants

Block Subspaces

@ Vis a block subspace of H = span(e,) means
JIP (1) and 3(vp) C PP s.t.
V = span(v,) and Vn v, € span{ex : k € In}.
@ Block subspaces are C*-dense.
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Cardinal Invariants

Block Subspaces

@ Vis a block subspace of H = span(e,) means
JIP (1) and 3(vp) C PP s.t.
V = span(v,) and Vn v, € span{ex : k € In}.
@ Block subspaces are C*-dense.
Given inf dim V C H recursively pick unit vectors (v,) C V

131 1 .
Vo = (O,E,Z,E,ﬁ, ) (arbitrary)
1 1 1 A
vi = (0,0,0,0,—,—,—,——....)eVnNE ky>>0
1 ( 5 \/Z \/g 16 ) 0 0
1111
Vo = (o,o,o,o...,0,5,5,5,5,0,...)evm,%}, ki >> ko
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Cardinal Invariants

Block Subspaces

@ Vis a block subspace of H = span(e,) means
JIP (1) and 3(vp) C PP s.t.
V = span(v,) and Vn v, € span{ex : k € In}.
@ Block subspaces are C*-dense.
Given inf dim V C H recursively pick unit vectors (v,) C V

131 1 .
Vo = (O,E,Z,E,ﬁ, ) (arbitrary)
1 1 1 A
vi = (0,0,0,0,—,—,—,——....)eVnNE ky>>0
1 ( 5 \/Z \/g 16 ) 0 0
1111
Vo = (o,o,o,o...,0,5,5,5,5,0,...)evm,%}, ki >> ko

V D span(v,) =" block subspace. O
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Interval Paritions

@ Consequence: Cls on P(C(H)) often related to IP Cls.
@ Eg. ACwsplitsIP (I;) & 3*°nl, C Aand 3°n [, C w\A.

s’ = min{|A| : A C P(w) is an IP splitting family}.
A C P(w) IP splitting = (Pa)ac4 strongly splitting.

= s+ < gIP,
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Interval Paritions

@ Consequence: Cls on P(C(H)) often related to IP Cls.
@ Eg. ACwsplitsIP (I;) & 3*°nl, C Aand 3°n [, C w\A.

s’ = min{|A| : A C P(w) is an IP splitting family}.
A C P(w) IP splitting = (Pa)ac4 strongly splitting.
= st <P

@ s = max(s, b) (A. Kamburelis, B. Weglorz (1995)).

h* < s* < st < max(s,b)
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Cardinal Invariants

Interval Paritions

@ Consequence: Cls on P(C(H)) often related to IP Cls.
@ Eg. ACwsplitsIP (I;) & 3*°nl, C Aand 3°n [, C w\A.

s’ = min{|A| : A C P(w) is an IP splitting family}.
A C P(w) IP splitting = (Pa)ac4 strongly splitting.
= st <P
@ s = max(s, b) (A. Kamburelis, B. Weglorz (1995)).
h* < s* < st < max(s,b)

@ Can we replace any < with =? Is h < s+-?
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@ Given IP (/) set vp =>4, enand V() = span(Vvy).
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Towers

@ Given IP (/) set vp =>4, enand V() = span(Vvy).
If AC ws.t. [ANI|/|/a] — 1then V() C* Va (Wofsey).

MA = Jtower (A¢) C [w]” s.t. VE|A: N a|/|In] — 1
= VEV(y,) € Va,, i.e. (Va,) is not a tower.

@ t=s5=b = Jtower (A¢) C [w]” s.t. (Va,) is a tower.
@ {ACw: Vu C* V}isan analytic p-ideal (Farah).

Consistently no towers in Z* V such ideals Z (Brendle).

Corollary: Consistently all towers in [w]“ remain towers.
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Cardinal Invariants

Towers

@ Given IP (/) set vp =>4, enand V() = span(Vvy).
If AC ws.t. [ANI|/|/a] — 1then V() C* Va (Wofsey).

MA = Jtower (A¢) C [w]” s.t. VE|A: N a|/|In] — 1
= VEV(y,) € Va,, i.e. (Va,) is not a tower.
@ t=s5=b = Jtower (A¢) C [w]” s.t. (Va,) is a tower.
@ {AC w: Vu C* V}is an analytic p-ideal (Farah).

Consistently no towers in Z* V such ideals Z (Brendle).

Corollary: Consistently all towers in [w]“ remain towers.
o t* =th. =12 t* > p (Wofsey+Bell) soif t* < tthenp < t.

Tristan Bice Cardinal Invariants of Projections in the Calkin Algebra



Cardinal Invariants

1 1

Tristan Bice Cardinal Invariants of Projections in the Calkin Algebra



	Projections
	Order Properties
	Cardinal Invariants

