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M.C. Τογϟʔͷֆʮԁͷݶۃ IV ఱࠃͱ஍ࠈʯͰ͸,

ʮఱ࢖ʯͱʮѱຐʯ͕ өͷෑ͖٧Ίͱͯ͠ඳ͔Ε͍ͯ·͢ɻڸ

͜ͷϑϥΫλϧͷΑ͏ͳಠಛͳֆ͸ͲͷΑ͏ͳنଇੑͰ

ඳ͔Ε͍ͯΔͷ͔ʁ

͜ΕΛࠓճͷͻͱͭͷ໨ඪʹ, ͜ͷ͜ͱʹ·ͭΘΔ਺ֶΛ

঺հ͍ͨ͠ͱ͍ࢥ·͢ɻ
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४උ ʮۂ཰ʯͱ͸ʁ

ɾ͍ͯ͑ߟΔۭؒ (ੈք) ͷ͕ۂΓ۩߹Λʮۂ཰ʯͱ͍͍·͢ɻ

ɾྫ͑͹, ͱ͖ʹৗʹ಺֯ͷ࿨͕ͨ͑ߟΛܗ֯ࡾ 180˃
(= π) ʹͳΔۭؒΛϢʔΫϦουۭؒͱ͍͏ɻ͜ͷۭؒͷ
཰͸ۂ 0 (ฏΒͳۭؒ) ͱ͑ߟΔɻ

ɾ΋͠΋ܗ֯ࡾͷ಺֯ͷ࿨͕ 180˃ (= π) ΑΓ΋ৗʹେ͖͍
ͱ͖͸ͦͷۭؒͷۂ཰͸ਖ਼ͱ͑ߟΔɻ

ɾ΋͠΋ܗ֯ࡾͷ಺֯ͷ࿨͕ 180˃ (= π) ΑΓ΋ৗʹখ͍͞
ͱ͖͸ͦͷۭؒͷۂ཰͸ෛͱ͑ߟΔɻ
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ϢʔΫϦουฏ໘ͷܗ֯ࡾ

α + β + γ = π

͜ͷͱ͖ʮۂ཰ = 0ʯ

α β
γ

( ͷ಺֯ͷ࿨͸ܗ֯ࡾ 180˃ )
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ܗ֯ࡾ໘ͷٿ

໘ٿ (ྫ͑͹஍ّٿ) ͷ্ʹܗ֯ࡾΛඳ͍ͯΈΔͱ
ͷ಺֯ͷ࿨͸ܗ֯ࡾ 180˃ (= π) ΑΓ΋େ͖͍͜ͱ͕
Θ͔Δɻ
͕ͨͬͯ͠, ໘ٿ (஍ّٿ) ͱ͍͏ۭؒͷۂ཰͸
0 ΑΓ΋େ͖͍ਖ਼ͷ஋ΛͱΔɻ
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͍ͯͭʹ཰ۂ໘ͷٿ

൒ܘ 1 ͷٿ໘ͷۂ཰͸ 1

൒ܘ 2 ͷٿ໘ͷۂ཰͸ 1/2

൒͕ܘେ͖͘ͳΔʹͭΕٿ໘ͷۂ཰ (߹۩Γ͕ۂ) ͸

খ͘͞ 0 ʹ͍͍ۙͮͯ͘

(ྫɿ஍ٿ)
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ෛͷۂ཰ͱ૒ۂฏ໘

ͷ಺֯ͷ࿨͕ܗ֯ࡾ 180˃ (= π) ΑΓ΋ৗʹখ͘͞ͳΔ
ͱ͖ͦͷۭؒͷۂ཰͸ෛͱͳΔɻ

͜ͷͱ͖ͷܗ֯ࡾ͸, ͱ͸ܗ֯ࡾ໘ʹඳ͔ΕΔଠͬͨٿ
,ʹٯ ΍ͤͨࡉ௕͍ܗ֯ࡾʹͳΓ·͢ɻ

Ұఆͷෛͷۂ཰Λ࣋ͭฏ໘Λʮ૒ۂฏ໘ʯͱΑͼ·͢ɻ

ෛͷۂ཰ͷ૒ۂฏ໘͸ͲͷΑ͏ͳۭؒ
(ੈք) ͳͷ͔, ͋ͱͰ͝঺հ͠·͢ɻ
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μΠΞάϥϜͱܗ֯ࡾ

Δ͑ߟͷਤͷΑ͏ͳμΠΞάϥϜΛࠨ

(͜͜Ͱ a, b, c ͸ 2 Ҏ্ͷࣗવ਺ͱ͢Δ)
,ͷਤͷμΠΞάϥϜʹରͯ͠ࠨ
ӈͷਤͷΑ͏ͳ֯౓Λ࣋ͭܗ֯ࡾΛରԠͤ͞Δ

a

c

b
π
a

π
c

π
b
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өʹΑΔෑ͖٧Ίڸͷܗ֯ࡾ 1

4

2

4

π

a
+

π

b
+

π

c
= π ͷͱ͖

͜ͷͱ͖, ͷ಺֯ͷ࿨͸ܗ֯ࡾ 180˃ (= π)
཰ۂ 0 ͷϢʔΫϦουฏ໘ʹܗ֯ࡾ͸ඳ͘͜ͱ͕Ͱ͖Δ
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= π
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2

6
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π
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6
= π

2024/5/23 13 / 52

өʹΑΔෑ͖٧Ίڸͷܗ֯ࡾ 2

2

2

2

π

a
+

π

b
+

π

c
> π ͷͱ͖

͜ͷͱ͖, ͷ಺֯ͷ࿨͸ܗ֯ࡾ 180˃ (= π) ΑΓ΋େ͖͍

ਖ਼ͷۂ཰ͷٿ໘ʹܗ֯ࡾΛඳ͘͜ͱ͕Ͱ͖Δ
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ͳͲ
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өʹΑΔෑ͖٧Ίڸͷܗ֯ࡾ 3

2

5
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π

a
+

π

b
+

π

c
< π ͷͱ͖

͜ͷͱ͖, ͷ಺֯ͷ࿨͸ܗ֯ࡾ 180˃ (= π) ΑΓ

΋খ͍͞ࡉ௕͍ܗ֯ࡾʹͳΔ

π
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3
< π ͳͲͳͲ

ෛͷۂ཰ͷʮ૒ۂฏ໘ʯʹܗ֯ࡾΛඳ͘͜ͱ͕Ͱ͖Δ
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Τογϟʔͷֆʮԁͷݶۃ IV ఱࠃͱ஍ࠈʯͰ͸,
಺֯ͷ࿨͕ 180˃ (= π) ΑΓ΋খ͍͞ܗ֯ࡾͱͯ͠

ʮఱ࢖ʯͱʮѱຐʯ͕ෛͷۂ཰ͷ૒ۂฏ໘ʹ

өͷෑ͖٧Ίͱͯ͠ඳ͔Ε͍ͯΔڸ
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+
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< π
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·ͱΊ 1
a

c

b
π

a
+

π

b
+

π

c
> π ͷͱ͖

(1) ରԠ͢Δܗ֯ࡾͷ಺֯ͷ࿨͸ 180˃ (= π) ΑΓ΋େ͖͍

(2) ਖ਼ͷۂ཰ͷٿ໘ʹܗ֯ࡾΛඳ͘͜ͱ͕Ͱ͖Δ

(3) ͷෑ͖٧Ί͕ඳ͚Δܗ֯ࡾөͰڸʹ໘ٿ

(4) ݶͷ਺͸༗ܗ֯ࡾ

(5) ʮٿ໘తʯͱΑ͹ΕΔ
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·ͱΊ 2
a

c

b
π

a
+

π

b
+

π

c
= π ͷͱ͖

(1) ରԠ͢Δܗ֯ࡾͷ಺֯ͷ࿨͸ 180˃ (= π)
(2) ཰ۂ 0 ͷϢʔΫϦουฏ໘ʹܗ֯ࡾΛඳ͘͜ͱ͕Ͱ͖Δ

(3) ϢʔΫϦουฏ໘ʹڸөͰܗ֯ࡾͷෑ͖٧Ί͕ඳ͚Δ

(4) Ͱ૿Ճ཰͸ଟ߲ࣜత૿Ճݶͷ਺͸ແܗ֯ࡾ

(5) ʮϢʔΫϦουతʯͱΑ͹ΕΔ
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·ͱΊ 3
a

c

b
π

a
+

π

b
+

π

c
< π ͷͱ͖

(1) ରԠ͢Δܗ֯ࡾͷ಺֯ͷ࿨͸ 180˃ (= π) ΑΓখ͍͞

(2) ෛͷۂ཰ͷ૒ۂฏ໘ʹܗ֯ࡾΛඳ͘͜ͱ͕Ͱ͖Δ

(3) ૒ۂฏ໘ʹڸөͰܗ֯ࡾͷෑ͖٧Ί͕ඳ͚Δ

(4) ਺ؔ਺త૿ՃࢦͰ૿Ճ཰͸ݶͷ਺͸ແܗ֯ࡾ

(5) ʮ૒ۂతʯͱΑ͹ΕΔ

2024/5/23 24 / 52



ίΫηλʔ܈ͱίΫηλʔͷఆཧ

a

c

b

͜ͷ 3 ࣍ͷίΫηλʔ܈ʹରͯ͠

ͷਤͷμΠΞάϥϜʹରͯ͠ࠨ

ԼͷΑ͏ͳʮ܈ʯΛରԠͤ͞Δ

͜ͷ܈͸ 3 ࣍ͷίΫηλʔ܈ͱΑ͹ΕΔ

t

s u

W = 〈 s, t, u | s2 = t2 = u2 = (st)a = (tu)b = (us)c = 1 〉

܈ W ͱੜ੒ܥ S ͷϖΞΛίΫηλʔܥͱ͍͏

(͜͜Ͱ S = {s, t, u} ͱ͢Δ)(W,S)
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W = 〈 s, t, u | s2 = t2 = u2 = (st)a = (tu)b = (us)c = 1 〉

͸࣍ͷΑ͏ʹ͑ߟΔ

(1) S = {s, t, u} Λ W ͷੜ੒ܥͱ͢Δ

(2) ͜ͷίΫηλʔ܈ W ͷཁૉ͸ੜ੒ܥ S ͷจࣈ s, t, u Λ

ฒ΂ͨ༗ྻݶͷશ෦ͱ͢Δ

(3) S ͷจࣈ s, t, u Λฒ΂ͨ༗ྻݶ͸

s2 = t2 = u2 = (st)a = (tu)b = (us)c = 1

ͱ͍͏౳ࣜΛ༻͍ͯҠΓ͋͑Δ΋ͷಉ࢜͸

W ͷͳ͔Ͱ͸ಉ͡΋ͷͱΈͳ͢
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ίΫηλʔ܈ͷੑ࣭

ss = s2 = 1,

W = 〈 s, t, u | s2 = t2 = u2 = (st)a = (tu)b = (us)c = 1 〉

tt = t2 = 1, uu = u2 = 1

a ਺ͷͱ͖ۮ͕

stst · · · · · · st
︸ ︷︷ ︸

a ݸ

= (st)a = 1

⇐⇒ st · · · · · · st
︸ ︷︷ ︸
a/2 ݸ

= ts · · · · · · ts
︸ ︷︷ ︸
a/2 ݸ

a ਺ͷͱ͖ح͕

stst · · · · · · st
︸ ︷︷ ︸

a ݸ

= (st)a = 1

⇐⇒ st · · · · · · st
︸ ︷︷ ︸
(a− 1)/2 ݸ

s = ts · · · · · · ts
︸ ︷︷ ︸
(a− 1)/2 ݸ

t
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2

3

2

stst = 1 ⇐⇒ sts = t ⇐⇒ st = ts

t

s u

W = 〈 s, t, u | s2 = t2 = u2 = (st)2 = (tu)2 = (us)3 = 1 〉

S = {s, t, u}

ͨͱ͑͹ ͷͱ͖Λ঺հ͢Δͱ

tutu = 1 ⇐⇒ tut = u ⇐⇒ tu = ut

ususus = 1 ⇐⇒ usu = sus

͕ͨͬͯ͠ W ͷཁૉ͸࣍ͷΑ͏ʹͳΔ

1, s, t, u, (ss = 1), st, tu,
su, us, (ts = st), (sts = t), sus = usu,
stu, ust, tusu = tsus = stus = suts = sust (༗ݶͰ 12 (ݸ
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2

3

2

t

s u

ʹରԠ͢Δ (W,S) ͷέʔϦʔάϥϑ͸

ͱඳ͘͜ͱ͕Ͱ͖Δ

࿡֯பͱ͍͏ཱମʹͳΔ

sut

st = ts

t

sus

1

sust

ust
ut = tu

sus = usu

us
u
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ຊ࿦ͱ͸গ͠֎Ε·͕͢,

1

b

b−1

aa−1
a2a−2

b2

b−2

ab

ab−1

baba−1

a−1b

a−1b−1

b−1a−1 b−1a

֊਺ 2 ͷࣗ༝܈ G = 〈 a, b 〉
ͷέʔϦʔάϥϑ͸

ӈͷΑ͏ʹͳΓ·͢

͜ͷֆ͸

ฏ໘্ۂ཰͕ෛͷ૒ۂ

ʹඳ͔Ε·͢
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2

3

2

t

s u

W =〈 s, t, u | s2= t2=u2=(st)2=(tu)2=(us)3=1〉

tsu
ts = st

t

sus

1

tsus

tus
tu = ut

sus = usu

us
u

μΠΞάϥϜ
π

2
+

π

2
+

π

3
> π

S = {s, t, u}
ίΫηλʔ܈ (ίΫηλʔܥ)

έʔϦʔάϥϑ
(ཱମͷܗʹͳΔ)
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s u

W =〈 s, t, u | s2= t2=u2=(st)2=(tu)2=(us)3=1〉

tsu
ts = st

t

sus

1

tsus

tus
tu = ut

sus = usu

us
u

μΠΞάϥϜ
π

2
+

π

2
+

π

3
> π

S = {s, t, u}
ίΫηλʔ܈ (ίΫηλʔܥ)

έʔϦʔάϥϑ
(ཱମͷܗʹͳΔ)

t

s 1

tus

us
u

tuts
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ఆཧ (H.S.M.Coxeter 1930 ೥୅)

܈ G ͕༗ڸݶө܈Ͱ͋Δඞཁे෼৚݅͸

G ͕༗ݶίΫηλʔ܈ͱͳΔ͜ͱͰ͋Δ

a

c

b

t

s u

π

a
+

π

b
+

π

c
> π

͜ͷμΠΞάϥϜͱରԠ͢ΔίΫηλʔ܈͸༗ݶͱͳΓ

্ͷఆཧ͔Β༗ڸݶө܈ʹͳΔͷͰέʔϦʔάϥϑ͸

ۭؒ (R3) ͷʮཱମʯͷܗʹͳΔ͜ͱ͕Θ͔Δɻ͜ͷཱମ

͸ٿ໘্ͷܗ֯ࡾͷڸөʹΑΔෑ͖٧ΊͱରԠ͍ͯ͠Δ
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t

s u

ʹରԠ͢Δ (W,S) ͷέʔϦʔάϥϑ͸

ͱͳΔ

stus= tsus

stu= tsu

st= ts

s

su

sus=usu

tus

tu
t

tut = utu

ut

u

= tusu

1

us

tust = tuts

ust=uts

stut=sutu

sut
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utus

utusu

utsu
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tus
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t
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tus

tsus

stu

stut

stu
stus

stusttustu

tust

tus

stus

stust

stustu

stustustustu

utsut

stust

suts

suts

sut
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utsut

utsut
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usu

usutustu
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1
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s u
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2 3
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3

t

s u

W =〈 s, t, u | s2= t2=u2=(st)2=(tu)3=(us)3=1〉

μΠΞάϥϜ π

2
+

π

3
+

π

3
> π

S = {s, t, u} ίΫηλʔ܈ (ίΫηλʔܥ)

έʔϦʔάϥϑ
(W ͕༗ڸݶө܈Ͱ͋Δ͜ͱ

tsus
stu

st

s

su

sus

tus

tu
t tut

ut
u

1

us

tust

ust

stut

sut

͔Β R3 ͷཱମͷܗʹͳΔ)

π

2
,
π

3
,
π

3
ͷ֯౓ͷܗ֯ࡾͷ

໘ͷෑ͖٧ΊٿөʹΑΔڸ

1s

st t

su
sus

u

us uts

ut

tut

tustu
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3

3

3

t

s u

W =〈 s, t, u | s2= t2=u2=(st)3=(tu)3=(us)3=1〉

μΠΞάϥϜ π

3
+

π

3
+

π

3
= π

S = {s, t, u} ίΫηλʔ܈ (ίΫηλʔܥ)

έʔϦʔάϥϑ
(ϢʔΫϦουฏ໘্ʹඳ͔ΕΔ)

s

t

us

u1

π

3
,
π

3
,
π

3
ͷ֯౓ͷܗ֯ࡾͷ

өʹΑΔϢʔΫϦουฏ໘ͷෑ͖٧Ίڸ

su

ts

ut

s

t

us
u1

su

ts tu
tutsts

st
st
sts tut

ut

sus
sus

tutsu tus

ustsut

tsu tus
tsus

tsus

ustsut

tsut tust

tusttsut
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έʔϦʔάϥϑ
(ϢʔΫϦουฏ໘্ʹඳ͔ΕΔ)

s

t

us

u1

π

3
,
π

3
,
π

3
ͷ֯౓ͷܗ֯ࡾͷ

өʹΑΔϢʔΫϦουฏ໘ͷڸ

su

ts

uts

t

us
u1

su

ts tu
tutsts

st
st
sts tut

ut

sus
sus

tu

tsu tus

ustsut

tsu tus
tsus tsus

ustsut

tsut tust tusttsut

s

t
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su

ts

ut
tutsts
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sus

tu

ustsut

tsu tus
tsus tusttsut

ෑ͖٧Ί
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ίΫηλʔ܈ͷੑ࣭

ss = s2 = 1,

W = 〈 s, t, u | s2 = t2 = u2 = (st)a = (tu)b = (us)c = 1 〉

tt = t2 = 1, uu = u2 = 1

a ਺ͷͱ͖ۮ͕

stst · · · · · · st
︸ ︷︷ ︸

a ݸ

= (st)a = 1

⇐⇒ st · · · · · · st
︸ ︷︷ ︸
a/2 ݸ

= ts · · · · · · ts
︸ ︷︷ ︸
a/2 ݸ

a ਺ͷͱ͖ح͕

stst · · · · · · st
︸ ︷︷ ︸

a ݸ

= (st)a = 1

⇐⇒ st · · · · · · st
︸ ︷︷ ︸
(a− 1)/2 ݸ

s = ts · · · · · · ts
︸ ︷︷ ︸
(a− 1)/2 ݸ

t
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W = 〈 s, t, u | s2 = t2 = u2 = (st)a = (tu)b = (us)c = 1 〉

(3) S ͷจࣈ s, t, u Λฒ΂ͨ༗ྻݶ͸

s2 = t2 = u2 = (st)a = (tu)b = (us)c = 1

ͱ͍͏౳ࣜΛ༻͍ͯҠΓ͋͑Δ΋ͷಉ࢜͸

W ͷͳ͔Ͱ͸ಉ͡΋ͷͱΈͳ͢

W ͷཁૉ w ͕

w = s1s2s3 · · · sn = t1t2t3 · · · tk
ͱ͋ΒΘ͞Ε͍ͯΔͱ͖

n ͸ۮ਺ ⇐⇒ k ͸ۮ਺
n ͸ح਺ ⇐⇒ k ͸ح਺

ͱͳΔ
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W ͷཁૉ w ͕

w = s1s2s3 · · · sn = t1t2t3 · · · tk
ͱ͋ΒΘ͞Ε͍ͯΔͱ͖

n ͸ۮ਺ ⇐⇒ k ͸ۮ਺
n ͸ح਺ ⇐⇒ k ͸ح਺

ͱͳΔ

a

c

b

t

s u

өڸͷܗ֯ࡾͷμΠΞάϥϜͱରԠ͢Δࠨ
ʹΑΔෑ͖٧Ί͸, ରԠ͢ΔίΫηλʔ܈ͷ
ཁૉ͕ۮ਺ͷ௕͔͞ح਺ͷ௕͔͞Ͱ 2 ৭Ͱ
৭෼͚Ͱ͖Δ

Τογϟʔͷֆͷ
ʮఱ࢖ʯͱʮѱຐʯ
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2

2

2

π

2
+

π

2
+

π

2
> π

཰ۂ > 0
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2

3

2

π

2
+

π

2
+

π

3
> π

཰ۂ > 0
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2

3

3

π

2
+

π

3
+

π

3
> π

཰ۂ > 0

2024/5/23 44 / 52

2

6

3

π

2
+

π

3
+

π

6
= π

཰ۂ = 0
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2

6

3

π

2
+

π

3
+

π

6
= π

཰ۂ = 0
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2

5

5

π

2
+

π

5
+

π

5
< π

཰ۂ < 0
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M.C. Τογϟʔͷֆʮԁͷݶۃ IV ఱࠃͱ஍ࠈʯ͸

ԼਤͷΑ͏ͳμΠΞάϥϜͱରԠ͢Δܗ֯ࡾͷ

ෛͷۂ཰ͷ૒ۂฏ໘ͰͷڸөʹΑΔෑ͖٧Ί

ͱͯ͠ඳ͔Ε͍ͯΔɻ

4

3

4
π

4
+

π

4
+

π

3
< π

· ʮͨఱ࢖ʯͱʮѱຐʯͷ͕̎ͭަޓʹ഑ஔͰ͖Δ

ཧ༝͸, ίΫηλʔ܈ͱؔΘΓ͕͋Δɻ

཰ۂ < 0
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,ʹޙ࠷ ίΫηλʔ܈ͷະղܾͳ໰୊ʹ͍ͭͯ

ɾ 3 ࣍ͷίΫηλʔܥʹ͍ͭͯ͸, ͜͜·Ͱ͖ͨͯݟΑ͏ʹ

ͯ͠, ෼ྨ͕Ͱ͖Δɻ

ɾ ༗ݶͷίΫηλʔ܈ʢ༗ڸݶө܈ʣʹ͍ͭͯ͸

Coxeter ࣗ਎ʹΑͬͯ͢΂ͯͷ෼ྨ͕ͳ͞Ε͍ͯΔɻ

ɾ ҰํͰ, ແݶͷίΫηλʔ܈ͷ෼ྨͷ໰୊ʢಉܕ໰୊ʣ

͸࣌ݱ఺Ͱ, ·ͩະղܾɻ

ίΫηλʔ܈ͷಉܕ໰୊

(1) ༩͑ΒΕͨ 2 ͭͷίΫηλʔ܈͸ಉ͔ܕ൱͔Λ

(2 ͭͷίΫηλʔܥͷ͔ܗΒ) ൑ఆͤΑɻ

(2) ༩͑ΒΕͨίΫηλʔ܈Λ࣋ͭίΫηλʔܥΛ͢΂ͯ

ΊΑɻٻ
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Γ2(W,S)

a

b c∞

Γ∞(W,S)

a

b c

2

a

b c∞

32 3

W =

〈
a, b, c

∣∣∣∣
a2 = b2 = c2 = 1
(ab)2 = (ac)3 = 1 ( (bc)∞ = 1 )

〉

S = {a, b, c}
(W,S)

μΠΞάϥϜͱίΫηλʔܥΛ࣍ͷΑ͏ʹରԠͤͯ͑͞ߟΔ.
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ͨͱ͑͹, ۙ೥, ʮπΠετʯͱ͍͏ૢ࡞ͰίΫηλʔ܈͸

ಉ͕ͩܕҟͳΔίΫηλʔܥΛͭ͘Δํ๏͕ൃ͞ݟΕͨɻ

N.Brady, J.P.McCammond, B.Mühlherr, W.D.Neumann (2002)

͜ͷ 2 ͭͷίΫηλʔܥ͸ҟͳΔܗΛ͍ͯ͠Δ͕,

3

5

4

ίΫηλʔ܈ W1 ͱ W2 ͸୅਺తʹ͸ಉ͡ܗΛ͍ͯ͠Δɻ

· · · · · · ͜ͷΑ͏ͳܗ (πΠετ) Ͱ͢΂ͯ෼ྨͰ͖Δ͔ʁ

6 7

(W1, S1)

3

5

4

7 6

(W2, S2)
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͝ਗ਼ௌ͋Γ͕ͱ͏͍͟͝·ͨ͠ɻ

2

5

5

2

3

3

2

6

3
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